A generalized Newtonian potential is derived from the geodesic motion of test particles in Schwarzschild spacetime. This potential reproduces several relativistic features with higher accuracy than commonly used pseudo-Newtonian approaches. The new potential reproduces the exact location of the marginally stable, marginally bound, and photon circular orbits, as well as the exact radial dependence of the binding energy and the angular momentum of these orbits. Moreover, it reproduces the orbital and epicyclic angular frequencies to better than 6%. In addition, the spatial projections of general trajectories coincide with their relativistic counterparts, while the time evolution of parabolic-like trajectories and the pericentre advance of elliptical-like trajectories are both reproduced exactly. We apply this approach to a standard thin accretion disc and find that the efficiency of energy extraction agrees to within 3% with the exact relativistic value, while the energy flux per unit area as a function of radius is reproduced everywhere to better than 7%. As a further astrophysical application we implement the new approach within a smoothed particle hydrodynamics code and study the tidal disruption of a main sequence star by a supermassive black hole. The results obtained are in very good agreement with previous relativistic simulations of tidal disruptions in Schwarzschild spacetime. The equations of motion derived from this potential can be implemented easily within existing Newtonian hydrodynamics codes with hardly any additional computational effort.
INTRODUCTION
Our current understanding of some of the most energetic phenomena in the Universe (such as active galactic nuclei, X-ray binaries and gamma-ray bursts) involves the accretion of gas onto astrophysical black holes as the underlying mechanism for powering these sources (see e.g. Frank et al. 2002) . It is clear that a satisfactory study of any of these systems should include a consistent treatment of the strong gravitational fields found in the vicinity of these relativistic objects. It is nonetheless remarkable that many of the early works on the subject, which were essentially Newtonian with a few general relativistic effects incorporated 'by hand', proved to be very successful at modelling a variety of accreting systems. For instance, the standard thin disc model of Shakura & Sunyaev (1973) is purely Newtonian and the only result from general relativity that it uses is the existence of the marginally stable circular orbit at which their disc model was truncated. Similarly, the model of a thick accretion disc introduced by Paczyńsky & Wiita (1980) (PW hereafter) is based on Newtonian dynamics with the substitution of the Newtonian gravitational potential ΦN = −GM/r by the pseudo-Newtonian potential 1 ΦPW(r) = − GM r − 2 rg ,
where rg = GM/c 2 is the so-called gravitational radius. The potential ΦPW not only reproduces the correct location of the margin- 1 The qualifier 'pseudo' is used to indicate that the related potential does not satisfy the Poisson equation ∇ 2 Φ = 4πGρ.
ally stable and marginally bound circular orbits around a Schwarzschild black hole (at rms = 6 rg and rmb = 4 rg, respectively), but it also gives reasonable approximations to other quantities, e.g. binding energy (percentage error (p.e.) 13%) and angular momentum of circular orbits (p.e. 6%). Nevertheless, other quantities such as the orbital frequency Ω and the epicyclic frequency Ω are not accurately reproduced (p.e. 50% and 84%, respectively). This potential has been used in a large number of studies of accretion flows onto non-rotating black holes to mimic essential general relativistic effects within a Newtonian framework (e.g. Matsumoto et al. 1984; Abramowicz et al. 1988; Chakrabarti & Titarchuk 1995; MacFadyen & Woosley 1999; Hawley & Balbus 2002; Lee & Ramírez-Ruiz 2006; Rosswog et al. 2009 ).
Other pseudo-Newtonian potentials have been introduced to give better approximations to specific general relativistic features but at the price of reproducing some other properties with less accuracy. For instance, the pseudo-Newtonian potential introduced by Nowak & Wagoner (1991) (NW hereafter) ΦNW(r) = − GM r 1 − 3 rg r + 12 r 2 g r 2 , (1.2)
reproduces the angular frequencies Ω and Ω with better accuracy (p.e. 14% and 42%, respectively) than ΦPW while still giving the correct location of rms. However, it locates rmb at ∼ 3.5 rg and gives a less accurate estimate of the angular momentum of circular orbits (p.e. 30%). See Table 1 for a general comparison of the accuracy with which various relativistic properties are reproduced by ΦN, ΦPW, and ΦNW. Also see Artemova et al. (1996) for a comparison of the performance of ΦPW, ΦNW, and other pseudoNewtonian potentials in reproducing the structure of a thin disc around rotating and non-rotating black holes.
Pseudo-Newtonian potentials have been widely used in accretion studies, although their range of applicability has been limited by the fact that no single one of them can reproduce equally well all of the various dynamical properties of Schwarzschild spacetime. For instance, a poor estimation of the orbital and epicyclic frequencies hampers their ability to capture time-dependent behaviour, such as the onset of instabilities in an accretion disc that might eventually lead to observed signatures (such as quasi-periodic oscillations; see e.g. Kato 2001 ). On the other hand, a large error in the estimation of the binding energy of Keplerian circular orbits will lead to inaccurate estimates of the total luminosity of accretion discs. Another issue that is commonly overlooked is that most pseudo-Newtonian potentials are designed for accurately reproducing circular orbits but not necessarily more general trajectories. Nevertheless, they are frequently used in applications in which correctly reproducing general trajectories might be of crucial importance (e.g. the collapsing interior of a massive star towards a newborn black hole or successive passages of a star orbiting a black hole before becoming tidally disrupted).
In this work, we propose a generalization of the Newtonian potential that accurately describes the motion of test particles in Schwarzschild spacetime while still being formulated in entirely Newtonian language.
2 In addition to the Newtonian 1/r-term, our potential includes an explicit dependence on the velocity of the test particle. Following the nomenclature of Lagrangian mechanics (see e.g. Goldstein et al. 2002) , we therefore call it a generalized Newtonian potential.
3 Moreover, this potential is derived from the actual geodesic motion of test particles in Schwarzschild spacetime. This is in contrast to most pseudo-Newtonian potentials that are introduced as ad hoc recipes or as fitting formulae that mimic certain relativistic features (see, nevertheless, Abramowicz 2009 for an a posteriori derivation of ΦPW).
The remainder of the paper is organized as follows. In Section 2, the generalized potential and the corresponding equations of motion are derived and contrasted with the exact relativistic expressions. In Section 3, we compare the performance of our generalized potential with ΦN, ΦPW, and ΦNW in reproducing several dynamical features of test particle motion in Schwarzschild spacetime including purely radial infall, Keplerian and non-Keplerian circular motion, general trajectories, pericentre advance, and two simple analytic accretion models (the thin disc model of Shakura & Sunyaev 1973 as generalized to Schwarzschild spacetime by Novikov & Thorne 1973 and the toy accretion model of Tejeda et al. 2012) . At the end of this section we implement the new potential within a Newtonian smoothed particle hydrodynamics (SPH) code and simulate the tidal disruption of a solar-type star by a supermassive black hole. Finally, we summarize our results in Section 4.
2 Interestingly, Abramowicz et al. (1997) arrived at an equivalent formulation from a different approach in which they considered Newtonian gravity in a curved space. However, they did not explore general particle motion in their work. 3 The potential introduced by Semerák & Karas (1999) for a Newtonian description of test particle motion around a rotating black hole is another example of such a generalized potential. However, when this potential is applied to the non-rotating case, it does not give an overall satisfactory performance (e.g. one finds rmb = rms = 0).
GENERALIZED NEWTONIAN POTENTIAL
Consider a test particle with four-velocity 4 u µ = dx µ /dτ following a timelike geodesic in Schwarzschild spacetime (where τ is the proper time as measured by a comoving observer). Given the staticity and spherical symmetry of the Schwarzschild metric, the motion of the particle is restricted to a single plane (orbital plane) and is characterized by the existence of two first integrals of motion: its specific energy E and its specific angular momentum hS given by (e.g. Frolov & Novikov 1998)
where ϕ is an angle measured within the orbital plane. These two equations together with the normalization condition of the fourvelocity, uµu µ = −c 2 , lead to the equation governing the radial motion 
where
This is a suitable definition of energy since, in the non-relativistic limit (nrl) in which r/rg 1 and v 2 /c 2 1 (where v can be eitherṙ or rφ and the dot denotes differentiation with respect to the coordinate time t), it converges to the specific Newtonian mechanical energy, i.e.
Our starting point for a generalization of the Newtonian potential is the low-energy limit (lel) of Eq. (2.6) where E c 2 or, equivalently, ES 0, i.e.
Note that this limit does not necessarily imply low velocities or weak field. Eq. (2.8) can be recast as 9) where T = ṙ 2 + r 2φ2 /2 is the non-relativistic kinetic energy per unit mass and ΦG is a generalized Newtonian potential given by
(2.10)
The first term on the right-hand side of Eq. (2.10) is the usual Newtonian potential that dictates the gravitational attraction due to the interaction of the central mass and the rest mass of a test particle, while the second term can be interpreted as an additional contribution due to the kinetic energy being also gravitationally attracted by the central mass. Contrary to a pseudo-Newtonian potential, ΦG does satisfy the Poisson equation (when the only source of the gravitational field is the central mass). We now use ΦG to construct the following Lagrangian (per unit mass):
Since L is independent of t, the energy EG as defined in Eq. (2.8) is indeed a conserved quantity of the corresponding evolution equations. On the other hand, the independence of L from ϕ guarantees that the specific angular momentum defined as
is also conserved. By combining Eqs. (2.8) and (2.12) we get the following expression for the radial motion:
(2.13) which has a clear resemblance to the exact relativistic expression in Eq. (2.5) and, as we shall show below, correctly reproduces a number of relativistic features. In particular, and in full consistency with the low-energy limit, note that for particles for which E = c 2 (i.e. parabolic-like energies), Eqs. (2.12) and (2.13) are identical to their relativistic counterparts (Eqs. 2.4 and 2.5, respectively).
Even though the whole evolution of the test particle motion is already determined by Eqs. (2.12) and (2.13), it is also useful to compute the corresponding expressions for the accelerations coming from the Euler-Lagrange equations for an arbitrary coordinate system (r, θ, φ), i.e.
These equations should be compared against the general relativistic ones which are given bÿ
The angular velocitiesθ andφ are simply related toφ by the relatioṅ ϕ 2 =θ 2 + sin 2 θφ 2 . Figure 1 . Infall time for a test particle falling radially from infinity as calculated in general relativity and using the potentials ΦN, ΦG, ΦPW, and ΦNW.
In all the cases we have takenṙ∞ = −0.3 c and have chosen r = 20 rg as the synchronization radius. Note that both ∆tG and ∆tS diverge to infinity as the particle approaches the black hole horizon located at r = 2 rg.
from where we can see that they are identical except for the factor c 4 /E 2 multiplying the first term in Eq. (2.17).
For an implementation of the present approach within an existing hydrodynamics code, the acceleration components may be needed in Cartesian coordinates. The corresponding expressions are provided in Appendix A.
COMPARISON WITH PREVIOUS APPROACHES
In the following subsections we compare the performance of ΦPW, ΦNW, and ΦG (Eqs. 1.1, 1.2 and 2.10, respectively) in reproducing several relativistic features of the motion of test particles in Schwarzschild spacetime. As a reference to illustrate the importance of relativistic effects, we also show the results obtained by applying the Newtonian potential ΦN.
Radial infall
Consider a particle in radial free-fall, i.e.φ =θ = 0. From Eq. (2.13) it follows that the amount of time that it takes for the particle to fall from a radius r2 to a smaller radius r1 is given by
It is clear that ∆tG will coincide with the corresponding relativistic value ∆tS (as calculated from Eq. 2.5) only when ES = EG = 0, i.e. for a vanishing radial velocity at infinity. In the general case, we will have ∆tG > ∆tS if EG < 0 and ∆tG < ∆tS if EG > 0. Also note that both ∆tG and ∆tS diverge as r1 → 2 rg, which coincides with the description made by an observer situated at spatial infinity in Schwarzschild spacetime. In Fig. 1 , we show the infall time as calculated from the relativistic solution and compare it with those coming from the use of ΦN, ΦG, ΦPW, and ΦNW. 
Circular orbits
We consider now the special case of circular orbits as defined by the conditionsṙ
After substituting these two conditions into Eqs. (2.13) and (2.14) we get a system of two equations that can be solved for the corresponding values of hG and EG as
3) 4) which are identical to the relativistic expressions and lead to the exact locations for the corresponding photon orbit rph = 3 rg (at which both h On the other hand, by combining Eqs. (2.12) and (3.3) one finds the orbital angular velocity
which should be compared against the exact expression in Schwarzschild spacetime
For r 6 rg, ΩG reproduces the exact value with an accuracy better than 5.7%. In the bottom-left panel of Figure 2 we compare these two frequencies as well as the ones corresponding to the potentials ΦN, ΦPW, and ΦNW. The analytic expressions of all of the different quantities plotted in this figure are summarized in Appendix B.
Perturbed circular orbits
We now calculate the epicyclic frequencies associated with a small perturbation of a stable circular orbit in the equatorial plane. The unperturbed trajectory satisfies
while for the perturbed trajectory we have
Substituting these expressions into Eqs. (2.14)-(2.16) we obtain the following system of (linearized) differential equations for the perturbed quantities
From Eq. (3.10) we see that, to first order, the vertical perturbation decouples from the other two directions and has the same angular frequency as the orbital motion, i.e. 12) as is also the case for Schwarzschild spacetime. On the other hand, from Eqs. (3.9) and (3.11) we can see that the radial and azimuthal perturbations are coupled. Following Semerák &Žáček (2000), we assume that the solution to both equations is a harmonic oscillator with common angular frequency Ω G , i.e. δr = δr0 e i Ω G t and δφ = δφ0 e i Ω G t , where δr0 and δφ0 are constant amplitudes. After substituting these solutions into Eqs. (3.9) and (3.11) we get as the only non-trivial solution
which should be compared against the exact relativistic value
(3.14)
Again, for r 6 rg, Ω G reproduces the exact value with an accuracy better than 5.7% (see the bottom-right panel of Figure 2 ). Note that, even though none of the three frequencies ΩG, Ω ⊥ G , and Ω G coincides with the corresponding relativistic expressions, they do keep the same ratios, i.e.
The pseudo-Newtonian potential introduced by Kluźniak & Lee (2002) also reproduces exactly the ratio Ω /Ω, although it does not reproduce satisfactorily other important features (e.g. one obtains rms = 3 rg, rmb = 1.3 rg, and a p.e. of ∼ 42% for the binding energy).
Non-Keplerian circular orbits
Consider a test particle going round a circular orbit with uniform angular velocity Ω = dφ/dt. This velocity does not necessarily coincide with the Keplerian value and, if it does not, an external radial force must be continuously applied in order to keep it on this circular trajectory. The actual nature of this force (e.g. pressure gradients, electromagnetic or propulsion from a rocket) is unimportant for the present discussion. We can calculate the necessary radial thrust from Eq. (2.14) as
− Ω 2 (r − 3 rg). Figure 3. Radial thrust needed to keep a rocket hovering at a fixed radius. Note that FG qualitatively follows the relativistic value ofr and vanishes at the event horizon (r = 2 rg). This is not a physical result but rather a reflection of the fact that the Schwarzschild coordinates are ill-behaved at this radius.
On the other hand, the corresponding relativistic expression is given by
where ar is the physical value of the radial component of the fouracceleration a µ = u ν u µ ; ν (i.e. as projected along the radial direction of a local tetrad). Writing the four-velocity of the test particle as u µ = u t (1, 0, 0, Ω), it is simple to check that the only nonvanishing component of the four-acceleration is
from where we can rewrite Eq. (3.17) as Figure 3 we compare F as obtained from the different potentials for Ω = 0, i.e. for a rocket that remains static at a fixed radius. From this figure we see that FG gives the worst approximation to the relativistic value (p.e. 64% for r > 6 rg). In particular, note that FS diverges to infinity as r → 2 rg while FG vanishes at this radius. However, the behaviour of FG is in qualitative agreement with the relativistic expression forr (= GM (r − 2 rg)/r 3 ) which is a clear indication that the description made using ΦG does not correspond to a local observer but rather to one located at spatial infinity.
Note that Eq. (3.16) captures an important feature of the exact relativistic expression in Eq. (3.19), namely that the radial thrust becomes independent of the angular velocity at the location of the circular photon orbit r = 3 rg (Abramowicz & Lasota 1986) , and that the centrifugal force reverses sign at this radius (Abramowicz 1990 ). As Abramowicz & Miller (1990) pointed out, a consequence of this effect is the general relativistic result that the ellipticity of a slowly rotating Maclaurin spheroid changes monotonicity at r ≈ 5 rg as the spheroid contracts with constant mass and angular momentum (whereas in the Newtonian case the ellipticity monotonically increases as the mean radius of the shrinking body decreases) (Chandrasekhar & Miller 1974; Miller 1977) . Following the same approach as in Abramowicz & Miller (1990) , it is simple to check that the present Newtonian description leads to the same expression for the ellipticity as their Eq. (12') that quantitatively reproduces this effect (p.e. 35% for r > 4 rg).
General orbits and pericentre advance
The geometric description of the trajectory followed by a test particle is obtained by combining Eqs. (2.12) and (2.13) as 20) where have been taken. This means that the spatial projection of the trajectories obtained with ΦG is identical to that coming from the full Schwarzschild solution. In other words, the orbital parameters (e.g. apocentre, pericentre, eccentricity) and characteristics (e.g. pericentre advance, whether it is bound, unbound or eventually trapped) have the same functional dependence on the corresponding constants of motion. In Figure 4 , we show an example of a generic elliptic-like trajectory as resulting from the full general relativistic solution and compare it with those coming from the use of ΦN, ΦG, ΦPW, and ΦNW. Just as in the general relativistic case, the solution to Eq. (3.20) can be written in terms of elliptic integrals (see e.g. Chandrasekhar 1983; Tejeda et al. 2012) . In the particular case of a bound orbit (elliptic-like trajectory) such that r ∈ [rp, ra] (where rp and ra are the pericentre and apocentre of the orbit, respectively), we define its (half) orbital period as
where K(k) is the complete elliptic integral of the first kind whose modulus k is given by 24) and rb = GM/EG − ra − rp is the smallest positive root of P (r). The pericentre advance or precession is given by pericentre advance = ΠG − π. (3.25) It is simple to check that, in the non-relativistic limit, rb → 0 and, thus, k → 0. Given that K(0) = π/2, it follows then from Eq. . Pericentre advance as a function of the eccentricity ε for a fixed apocentre ra = 40 rg. Note that ΦG reproduces exactly the relativistic value, while the result obtained with ΦPW is consistently below the exact value by ∼ 30%. On the other hand, for most values of ε, ΦNW produces a negative shift.
In Figure 5 , we have plotted the pericentre advance as a function of the eccentricity ε = (ra − rp)/(ra + rp) as predicted by general relativity, ΦN, ΦG, ΦPW, and ΦNW. As already mentioned, the pericentre advance resulting from ΦG corresponds to the exact relativistic value. On the other hand, the pericentre advance obtained from ΦPW is off by ∼ 30%, while, for most values of the eccentricity, ΦNW yields a negative shift (i.e. a pericentre lag rather than an advance).
The pseudo-Newtonian potential introduced by Wegg (2012) was specifically designed to give an accurate description of the pericentre shift for parabolic-like trajectories (p.e. 1%). Nevertheless, this potential is not well suited for studying more general cases (for instance, it does not give the correct location of either rms or rmb).
Accretion disc
In this section we consider the simple model of the stationary, geometrically thin and optically thick accretion disc first investigated by Shakura & Sunyaev (1973) in a Newtonian context and its extension to a Schwarzschild spacetime by Novikov & Thorne (1973) . Under the assumptions used there, it turns out that the energy flux per unit area from the disc surface depends on the mass flux but not on the details of the viscosity prescription and is given by (see e.g. Frank et al. 2002 ) 27) whereṀ is the constant accretion rate and rin is the inner boundary of the disc at which the viscous stresses are assumed to vanish. In the standard thin disc model, one takes rin = rms. The total luminosity from the two faces of the disc is obtained after integrating Eq. (3.27) over the whole disc, i.e. 
from where we see that ΦNW and ΦG give an equally good approximation to the relativistic value. Nonetheless, for the actual radial dependence of D, the latter provides a better approximation (p.e. 7.2%) than the former (p.e. 11%). In Figure 6 , we compare D as obtained from general relativity with the results from the various potentials.
Accretion inflow
Here we consider the analytic accretion model of Tejeda et al. (2012) and Tejeda et al. (2013) . In this model a rotating gas cloud of non-interacting particles accretes steadily onto a Schwarzschild black hole. In Figure 7 , we compare the streamlines of the relativistic solution with the ones obtained from the potentials ΦN, ΦG, ΦPW, and ΦNW for the following set of boundary conditions: These boundary conditions are motivated by collapsing stellar cores leading to long gamma-ray bursts and were used in Tejeda et al. (2012) to make a comparison with one of the simulations of collapsar progenitors in Lee & Ramírez-Ruiz (2006) . Note that the streamlines obtained from ΦG are basically indistinguishable from the exact relativistic ones. This is so because the energies of the incoming fluid elements are close to parabolic, i.e. E c 2 (for which case Eqs. (2.12) and (2.13) coincide with the exact relativistic equations). With a different choice of boundary conditions, the agreement with the relativistic results may not be as good as in Figure 7 , although ΦG is still in better agreement with the relativistic solution than ΦPW, ΦNW, or ΦN.
Tidal disruption
In this section we apply the generalized potential to the tidal disruption of a main-sequence star by a supermassive black hole. For doing this, we have implemented the acceleration given in Eq. (A.5) within the Newtonian SPH code that we had used previously to simulate the tidal disruption of white dwarf stars by moderately massive black holes ) and which has been described in detail in Rosswog et al. (2008) . For recent reviews of the SPH method see, e.g. Monaghan (2005) and Rosswog (2009) . It is worth mentioning that for use in an Eulerian hydrodynamics code, it may be beneficial to perform the simulation in the rest frame of the star to overcome geometric restrictions and to minimize numerical artefacts due to advection (e.g. Cheng & Evans 2013; Guillochon & Ramirez-Ruiz 2013) . Such an approach may require a multipole expansion of the tidal field around the stellar centre, but this is beyond the scope of the current paper and left to future efforts.
Here we choose parameters that are identical to the ones of a general relativistic simulation run presented in Laguna et al. (1993) : the masses are MBH = 10 6 M for the black hole and M * = 1 M for the star, the latter has a radius of R * = 1 R and is modelled using a polytropic equation of state with exponent Γ = 5/3. The star approaches the central black hole following a parabolic trajectory with an encounter strength β = rt/rp = 5, where rt = (MBH/M * ) 1/3 R * 47 rg is the tidal radius and rp 9.4 rg is the pericentre distance. As in the previous test cases, we compare the results obtained with the generalized potential with those using ΦN, ΦPW, and ΦNW.
The results for the different approaches are displayed in Figure 8 . For ease of comparison with Laguna et al. (1993) , we simply show the trajectory followed by the centre of mass in each case together with the particle positions projected onto the orbital plane at three different points of the trajectories. Obviously, for such a deep encounter, relativistic effects lead to substantial deviations from the Newtonian parabola. In this case, ΦPW produces a qualitatively correct result, although with only about 70% of the relativistic pericentre advance. As expected based on Fig. 5 , ΦNW gives a pericentre shift with the opposite sign to that given by general relativity, and therefore leads to a wider orbit than the purely Newtonian potential. Although the star passes the black hole with about 0.4 c, the hydrodynamic result obtained from ΦG is in very close agreement with the geodesic in Schwarzschild spacetime and the matter distribution closely resembles the one shown in Laguna et al. (1993) (see their figure 1, second column).
SUMMARY
We have derived a generalized Newtonian potential from the geodesic motion of a test particle in Schwarzschild spacetime in the low-energy limit E c 2 . In addition to the standard Newtonian term, the generalized potential ΦG includes a term that depends on the square of the velocity of the test particle and this can be interpreted as an additional gravitational attraction from the central mass acting on the kinetic energy of the test particle.
The new potential reproduces exactly several relativistic features of the motion of test particles in Schwarzschild spacetime such as: the location of the photon, marginally bound and marginally stable circular orbits; the radial dependence of the energy Only 10 4 SPH particles were used for each simulation. The figure also shows the trajectory followed by the centre of mass of the star in each case (as projected onto the orbital plane), together with the projection of the SPH particles at three different points of the trajectory. For reference, we also show with a solid blue line the exact geodesic trajectory of a test particle in Schwarzschild spacetime.
and angular momentum of circular orbits; the ratio between the orbital and epicyclic frequencies; the time evolution of paraboliclike trajectories; the spatial projection of general trajectories as function of the constants of motion and their pericentre advance. Moreover, the equations of motion derived from this potential reproduce the reversal of the centrifugal force at the location of the circular photon orbit (see e.g. Abramowicz 1990 ). We are not aware of this relativistic feature ever having been reproduced before by any pseudo-Newtonian potential. Additionally, the equations obtained also provide a good approximation for the time evolution of particles in free-fall, for the orbital angular velocity of circular orbits, and for the epicyclic frequencies associated with small perturbations away from circular motion (all of these corresponding to the description made by observers situated far away from the central black hole). We have also applied ΦG to the study of simple accretion scenarios, first for the thin disc model of Novikov & Thorne (1973) and then for the accretion infall model of Tejeda et al. (2012) , finding good agreement with the exact relativistic solutions in both cases.
As a further astrophysical application and a demonstration of the minimal effort required to implement the suggested generalized potential within an existing Newtonian hydrodynamics code, we have applied it to the tidal disruption of a main-sequence star by a supermassive black hole. For this, we implemented the equations of motion derived from ΦG within the 3D SPH code described in Rosswog et al. (2008) . The results obtained are in very good agreement with the relativistic simulation presented in Laguna et al. (1993) .
In Table 1 , we summarize the accuracy with which various relativistic properties are reproduced by ΦN, ΦPW, ΦNW, and ΦG. With the exception of the radial thrust F needed to keep a rocket hovering at a static position, we found that ΦG provides a more accurate description of the motion of test particles in Schwarzschild spacetime than any of the other potentials. For this reason, and given that a proper modelling of a realistic accretion scenario requires that (at least) all of these relativistic features are accurately reproduced, we consider the new potential as being a promising simple but powerful tool for studying many processes occurring in the vicinity of a Schwarzschild black hole.
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